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Scattering Characteristics of Fibrous Media Containing Closely
Spaced Parallel Fibers
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The theoretical formulation for scattering by a semi-infinite medium containing closely spaced, parallel fibers
at oblique incidence is presented in this article. The fibers can be either coated or uncoated, and their diameters
are comparable to the wavelength of the incident radiation and spacing between the fibers. The radiative
propagation characteristics, which include the propagation constant and amplitude of the effective wave in the
medium, are derived by a rigorous solution of Maxwell’s relations by accounting for the multiple dependent
scattering cffects. Formulas are also developed for the coherent and incoherent scattered intensitics. Numerical
results are presented to illustrate the scattering behavior of dense fibrous media containing alumina-coated silica

fibers and Rayleigh limit silica fibers.

Nomenclature

dependent scattering wave coefficient, transverse
electric mode

independent scattering wave coefficient, transverse
electric mode

dependent scattering wave coefficient, transverse
magnetic mode

independent scattering wave coefficient, transverse
magnetic mode

extinction cross section

scattering cross section

electric field

unit vector

volume fraction of fibers, wrin L,

= function defined by Eq. (3)

radial distribution function

magnetic field

Hankel function of the second kind

kq sin &,

coherent scattering intensity function
incoherent scattering intensity distribution
V-1

Bessel function

effective propagation constant of the fibrous
medium, K7,

magnitude of K”

imaginary part of complex refractive index m, or
index from 1 to N,

propagation constant of medium containing the
fibers

K7 cos ¢,

average fiber length

k, cos ¢,

complex refractive index of fiber, n — ik

total number of fibers

real part of complex refractive index, or index,
— 0 tp

number of fibers per unit volume

unit vector in the coherent scattered direction
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Q. = extinction efficiency

R = magnitude of R

R = radial vector

R, = radial distance between the centers of fibers
Jjand k

o = radius of fiber

s = index, —« to =

t = time

u = scalar potential function, transverse magnetic
mode

Vv = volume of medium

4 = scalar potential function, transverse electric mode

W, = width of medium under observation along Y axis

X7 = transverse magnetic mode amplitude of the
effective wave

Y7 = transverse electric mode amplitude of the effective
wave

@ = size parameter, 277,/A

04 = polar angle measured from the X axis

Y« = angle that the line joining the centers of fibers
j and k makes with the X axis

é = phase angle, Eq. (47)

o = Kronecker delta function

£; = phase shift of the primary incident wave at fiber j
relative to the origin

0 = azimuthal angle of incident or transmitted wave

A = wavelength

T = +1 for transverse magnetic mode, — 1 for
transverse electric mode

¢ = polar angle of the incident or transmitted wave

® = circular frequency

Subscripts

{ = incident wave

7. k= index, refers to the fiber

n,s = index, —x to

r = radial direction

t = transmitted wave

X = x direction

y =y direction

z = z direction

Superscripts

1 = transverse magnetic mode

1 = transverse electric mode

s = scattering
mode of the incident radiation, [ or I7

ag =

complex conjugate
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Introduction

EVELOPMENT of advanced thermal insulation mate-

rials that can withstand very high temperatures and heat
fluxes is generally recognized as a critical technology issue for
many future aerospace and energy systems. Many thermal
protection materials such as building insulations and Space
Shuttle tile materials are high-porosity fibrous media con-
taining randomly oriented fibers. Thermal-structural mate-
rials such as the refractory liners and many fiber-reinforced
composites are high-density media that contain closely spaced,
aligned fibers. Radiative energy transfer through a dispersed
medium containing fibers or spheres is strongly influenced by
the size, index of refraction, and in particular, the concen-
tration of the scatterers.

In a high-porosity fibrous medium, independent scattering
prevails because the separation between fibers is much greater
than the fiber diameter and the wavelength of the incident
radiation. Each fiber acts as an isolated scatterer, and the
radiative transfer equation, which assumes independent scat-
tering, is applied. In a high-density fibrous medium, near-
field multiple scattering becomes dominant because the fiber-
spacing is comparable to the fiber diameter and wavelength.!~
Neglecting near-field multiple scattering in a finite configu-
ration of closely spaced parallel fibers has been shown to yield
nonphysical results.® A rigorous theoretical treatment that
accounts for dependent scattering is, therefore, essential to
the accurate analysis of the scattering characteristics of high-
density fibrous media.

Earlier analyses on scattering by closely spaced fibers con-
sidered only normal incidence on a finite configuration of
homogeneous fibers.*~® The general multiple scattering for-
malisms for oblique incidence on homogeneous and radially
stratified fibers were developed by Lee.”-* Formulas for the
extinction, absorption, and scattering cross sections, as well
as the scattering intensity distribution function, were derived
for arbitrary fiber diameter, spatial location, and wavelength.
In principle, these formulations can be applied to analyze
high-density fibrous media by specifying the location and
properties of all the fibers. This approach becomes impractical
when the number of fibers is large, e.g., exceeding about 100,
due to the excessive demand on computer assets.

Radiative propagation through dense fibrous media is usually
analyzed by a statistical approach that assumes a random dis-
tribution of fibers of identical properties. This approach involves
the averaging of the multiple-scattering wave equations for a
random distribution of fibers. Lax’s quasicrystalline approxi-
mation (QCA)° is then applied to solve for the propagation
constant of the average wave. This method has been applied to
develop the dispersion relation for the effective propagation
constants of dense fibrous media at normal incidence.'*-'* The
general dispersion relations for oblique incidence on fibrous
media containing homogeneous or coated fibers were developed
by Lee.™'" These formulations are applicable to arbitrary fiber
size, refractive index, concentration, and wavelength, as well as
a dielectric matrix medium. For a dielectric medium with non-
unity refractive index, the wavelength and fiber refractive index
relative to the medium would be used, i.e., the implicit param-
eter shift of scaling the refractive index of the fiber and the
freespace wavelength by the refractive index of the medium is
applied in the dispersion relations.

The complete characterization of the radiative behavior of
high-density fibrous media requires both the effective prop-
agation constant and scattering amplitude. While the former
is given by the dispersion relation, the scattering amplitude
still needs to be solved. The objective of this article is to
present the formulations for the scattering amplitude and scat-
tering characteristics of semi-infinite fibrous media containing
closely spaced, coated or uncoated, parallel fibers. The semi-
infinite medium assurnption is usually satisfied by high-density
fibrous media because of their large extinction coefficient and
optical depth due to the high solid volume fraction.

Theory

The theoretical formulation for the scattering characteris-
tics of high-density fibrous media is developed by a rigorous
solution of Maxwell’s equations. In the following sections, the
scattering characteristics of a finite configuration of closely
spaced, parallel fibers are first summarized. A new, more
compact equation for the scattering cross section is presented.
The theoretical treatment for a semi-infinite high-density fi-
brous medium then follows. This includes the formulations
for the scattering amplitude and the coherent and incoherent
scattered intensities. Finally, numerical results on the scat-
tering behavior of fibrous media containing alumina-coated
silica fibers and Rayleigh limit silica fibers are presented for
the purpose of illustration.

Scattering Characteristics of a Finite Configuration of Fibers

Figure 1 depicts a medium containing closely spaced, par-
allel, homogeneous or radially stratified fibers. The fibers are
paraliel to the Z axis and are located to the right of the origin.
The incident radiation propagates in an arbitrary oblique di-
rection defined by the unit vector ¢, = cos ¢, cos Ge, —
cos ¢, sin B,e, + sin $e., where ¢, and 6, are the polar and
azimuthal angles, respectively, and e,, e,, and e. are unit
vectors along the coordinate axes. The propagation constant
of the medium containing the fibers is k,. The wave coeffi-
cients b, and a7, that account for multiple scattering are re-
lated to the scattering properties and location of the fibers
by7;<\’

B Na
> > [{6;/\641.\ + (1 = 8)GLb}}by,
R e |
+ {1~ 5,-A)GZ.’\”b,’,f}ﬂ;Z] = &by, exp(ind,) (M

2 Ny

Z 2 ':{(1 - 5/k)GZ§(]a,(,1}b;f, + {kaalx.\-
e

+ - 5,-4)0’;?1-“0,‘,’,}61}2] = gaj, exp(inb,) (2)
where

Lo=(=iy~H, (R )explils — n)y] (3)

“b7. and “ay, are the wave coefficients for an isolated fiber,

g; = exp(—ik-R)) is the phase shift of the incident wave at
fiber j, k = kge;, and the subscript o = I, II refers to the
mode of the incident wave. Specifically, ¢ = I refers to the
transverse magnetic (TM) mode, and ¢ = II refers to the
transverse electric (TE) mode. The formulas for the wave
coefficients of isolated homogeneous and coated fibers are
summarized in Refs. 16 and 17, respectively.

Y

Fibers are located to the
right of the origin and are
arallel to the Z axis

Incident
wave

Transmitted
wave

z

Coherent
reflected wave

Fig. 1 Schematic diagram showing an electromagnetic wave at oblique
incidence on a fibrous medium.
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Utilizing the optical extinction theorem, the extinction cross
section of the fiber configuration per unit length of fiber is
given by’

24 Ny -
Cr="Re X explilRycos(y, + 0)Hb;, + af,

jel T
4)

where Re denotes taking the real part, and the center of fiber
k is arbitrarily chosen as the reference origin. The scattering
cross section is obtained by integrating the scattering intensity
distribution. A more compact expression than that reported
previously is obtained as

Ny Ny -

Cy = 2 PIEDY 2 expli(n — 5)(vy; — w2}
jol hFEfp AT T
X J, (RHbGbE + agal) (5)

where the superscript * denotes the complex conjugate.

Scattering Characteristics of Dense Fibrous Media

In a high-density fibrous medium the separation between
fibers is comparable to the wavelength of the incident radia-
tion and the diameter of the fibers. To obtain the radiative
characteristics of a dense fibrous medium, the conditional
averages of Eqs. (1) and (2) are taken, which yield a system
of equations involving successively higher order averages. The
hierarchy of multiple scattering terms is truncated by applying
the QCA., which states that®

{a ’/’71>;‘A (b ',{,>,’1\}

where the angle brackets () denote conditional averaging,
and the subscripts j and k& outside the bracket indicate that
the average is performed by holding the fibers corresponding
to the subscripts fixed. The waves inside the medium are
assumed to propagate with an effective propagation constant
K7 as

Wag) b} (6)

{bi)n Cagdt = {Xy. Yilexp(—iK”-R) (7
where X7 and Y9 are the amplitudes of the average wave,
K~ = Kve, e, = cos ¢, cos B,e, — cos ¢, sin fe, + sin ¢,e.
is the unit vector in the propagating direction of the effective
wave, and ¢, and 6, are complex polar and azimuthal angles,
respectively. The directions of the incident and transmitted
waves are related by Snell’s law as

k, cos ¢, sin 8, = K" cos ¢, sin 0, (8)
ko sin ¢, = K” sin ¢, 9)

where ¢, and 6, are different for the TM and TE mode waves.
Taking the conditional averages of Egs. (1) and (2) yields

Xio = g'by exp(iK”"-R; + in6))

- 3 (bixe +

§ =

(]b [IY”) RV (10)
Yo = gfar exp(iK"-R; + inb)
2 (n IX.r + “a”Y")F\,, (11)

where F,, = F,,, + F,,, + F,, 5. It should be pointed out
that the cross-mode terms Y/ dnd X! vanish at normal inci-
dence. The evaluation of F,, |, F,, ,, and F,, 5 involves trans-

formations utilizing the Helmholtz equations for the propa-

gation constants K and k,,, respectively, Green’s second iden-
tify, and Gauss’s theorem. F,, | is the integral over the volume
containing a pair of nonpenetrating fibers, which is given by!*

2f, expli(n — 5)6}

F,.= > 3 - Rrod,_(2Lr)H [ _ (2Lr,)
Ty k() -
— 2Lr H, 2Ly )] (2Lr,)} (12)
where f. = arin,L, is the fiber volume fraction, n, is the

number of fibers per unit volume, L, is the average fiber
length, L = K“ cos ¢,, and the superscript ' denotes differ-
entiation with respect to the argument. F,,, » involves the radial
distribution g(R) of fibers as'’

Fuz = 2 explitn—5)6)
x| 1 (LRYH. (LR)Yg(R) — 1R dR (13)

R
2ry

The function F,, ; involves the evaluation over the entire vol-
ume of the semi-infinite fibrous medium V;:

f. exp(iKix))
i = f K- (R, — R)|Gle dV, = —
F,,. v, exp[iK”-( Ol X 2 K7 — k:

. d ” , )
X <1K'\' - K) f B exp(— Ky, )G dy/‘k|.\—A:n (14)

Aj

where k. = [, cos 8, and K7 = L cos 6,. The evaluation of
Eq. (14) involves first the expansion of G’” in the far field,
then the transformation of the integrand into cylindrical polar
coordinates, and finally the evaluation by the method of sta-
tionary phase. After extensive manipulations, we obtain

F,; = —ip” expli(n—s)0fexpli(Ky — kJx}t  (15)
where

2y

Substituting Eqs. (12—15) into Egs. (10) and (11) results
in two expressions, each containing two groups of terms with
different propagation constants. One group is associated with
K“ for the propagation of the effective wave within the me-
dium, which gives the Lorentz—Lorentz law

pr = (16)

2 {611\ + “bl( sl \n )]X{r

+ N(F,, + F,2)Y =0 (17)

E {”a,l,(F\/L] + F\/I.Z)X:’,

N

+ [8,, + %al(F,,, + F,-)]Y7} =0 (18)
In order for a nontrivial solution of the amplitudes to exist,
the determinant of the above system of homogeneous equa-
tions must vanish. Equating the determinant to zero gives the
dispersion equation that governs the effective propagation
constant K7.'*15 The other group of terms is associated with
k., which balances the incident wave with the reflected wave
at the interface boundary. This group yields two equations
given by

x

2 exp(—is6)Xs, Yo} = (IB7){8,n 8, (19)

s=

where §,, and §,,, are Kronecker delta functions.



406 LEE AND GRZESIK

The scattering amplitudes X¢ and Y9 are determined by
utilizing Eq. (19) in conjunction with the homogeneous sys-
tems of equations given by Eqs. (17) and (18). It can be shown
that the amplitudes of the dominant modes are an even func-
tion of the Fourier index n:

(X0, Y = (XL, Y1} (20)

whereas, the amplitudes of the cross-mode terms are an odd
function of n:
XL Y ={-Xx",-Y.} 1)

In addition, the zeroth-order term of the cross-mode ampli-
tudes vanishes as

XI=Yl=0 (22)

The effective propagation constant and scattering ampli-
tudes of the effective wave yield all the information for pre-
dicting radiative transfer through the fibrous medium. In the
following sections the formulations for the coherent and in-
coherent scattering behavior of semi-infinite high-density fi-
brous media are presented.

Coherent Scattering Characteristics

The time-averaged Poynting vector for the coherent scat-
tered intensity is defined as

Se = L Re{(E™) x (H™)"} (23)

where (E ) is the conditional average of the scattered electric
field including contributions from all the fibers, (H*)* = iV
x (E"Y*/(wpu,) is the complex conjugate of the magnetic field,
w s the angular frequency, and u, is the permeability constant
of the medium. The total scattered electric field from all the
fibers is given by

(E™)y = <Z” E;’-‘> = A, {«V X <e:F(, JV v dV,)

j=1

0

+ Z’—v X V x (e:E, fVU () dV,>} (24)

where F, = exp(iwt — ihz), h = k, sin ¢,

up(R,) = —7F, 2 (=i expliny, )by H,(L,R,) (25)

=

V;n(R/'/)) = TEJ Z . (_ i)” exp(in’yl'p)a;;.t n(l(JR/'p) (26)

:

are the z components of the Hertz potentials for fiber j, 7 =
1 foro =1, and r = —1for o = II. Equation (24) can be
readily evaluated in the far-field asymptotic limit to give the
coherent scattered intensity function IV = §7/§, as

Iy = |gprx{lie

where S, = I3/{2V n/e,} is the incident flux, g, is the per-
mittivity constant of the medium

2+ |12, (27

p7 = (KY ~ k(K + k) (28)

is the reflection coefficient

[l = z (= 1)"X 7 exp(in6;) (29)

n—=

107 =% (= 1Yy exp(inb) (30)

n=—=

are the components of the coherent scattered radiation, and

n, = —cos ¢, cos Be, — cos ¢, sin Ge, + sin pe.  (31)

is the unit vector in the specular direction. It is evident from
e; and n, that the angles of incidence and reflection are equal
as dictated by Snell’s law. By utilizing Egs. (20-22), the co-
herent scattering components are given by

1170 = X1+ 2 > (—1)'X,, cos(né,) (32)

n=1

=2 z (—1)"Y? sin(n6) (33)

n=1

for a TM mode incident wave, and

Ul =2 E (—1)" X sin(nd,) (34)

n=1

[0 =Y+ 2> (=1)"Y! cos(né,) (35)

=1
for a TE mode incident wave.

Incoherent Scattering Characteristics

The incoherent scattered radiation is equal to the difference
between the total and the coherent scattered radiation. The
time-averaged incoherent Poynting vector is

Sq = 3 RC«E”"' — (E"-")) X (H"" _ <H(r_\>):k>
= {Rel(E" x H™) — (") x (H")") (36)

where the first term is the total scattered radiation and the
second term is the coherent scattered radiation. By using the
asymptotic expansion of the Hankel function in Egs. (25) and
(26), the scattered electric field for fiber j in the far field
becomes

e b,
E& = qil,F, > [aze x e. + X (he, — lie.)]
net. 0

2i
wl,R

Ry,

X exp[inyj/) - i[()(R/) - R/'.Rp)] (37)

where e, is the unit radial vector in the XY plane, R,, is the
unit vector along R,,, and the far-field approximation R,, =
R, is made. The far-field scattered magnetic field for fiber j
is obtained by taking the curl of the electric field, which yields

H = (Vop,)(le, + he) x E}” (38)

By utilizing Eqgs. (37) and (38), the total scattered radiation
can be obtained as

N\) N(Y 2[ k
<Etr.\ X Hm-*) — <2 E® x E H(Ar.\-*> = e i) A VI
k=1

s
ji=1 - 7TRp Wiy

N(l NU k3 %
(23 53 ewlitn - mkaar,

jol k= AT o = =

#

+ b}flb‘/:;n}{ﬁik + (1~ afk)exp[‘iln(Rk - R/)'Rp]}>
(39)
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where y ~ v, in the far field and e, = cos ¢,e, + sin ¢e. is
the unit vector along the incoherent scattered direction. Ex-
amination of e, indicates that the incoherent scattered radia-
tion propagates along the surface of a cone with an apex angle
7 — 2¢; as in the case of an isolated infinite cylinder.

The conditional average of the diagonal terms, i.e., j = k,
in Eq. (39) can be readily evaluated as

N“
.
o o b
2 (a,’na,'m + b,'nb/m
I

=, | Haptag, + b v, (40)

To evaluate the off-diagonal terms, i.e., j # k, the distorted
Born approximation is applied. This yields

M My
<Z 2, ajag, expl—ily (R, — R,-)-Rp]>

i=1 k%)
=~ ng fv J'v (a;-f),-(az’:,)k exp[ — ily(R, — Rj)Rp]

x g(R;) dV, dV, (41)

which represents a first-order approximation to account for
the near-field interactions between the fibers. The conditional
average of the term involving b;{,b’[,",', can be written similarly.

By utilizing Egs. (24) and (39-41) in Eq. (36), and sub-
tracting the coherent scattering term from the total scattered
radiation, the incoherent scattered intensity distribution func-

tion is obtained as

S7R

I _ iy
) SoW, cos ¢, cos 0,
— ﬁ .2 I o |
= e, 5 (cos’®; cos ,K i /k,)
o’
X {1 + Re V(NI ()] + 1 ()]} (42)
where
IL(y) = X Xjexp(iny) (43)
Iz"(y) = 2 Yiexp(iny) (44)
In the above expressions, K¢ = —Im K%, Im denotes the

imaginary part, W, is the width of the strip along the Y axis
under observation, and #/2 = y = 37/2 is the range of the
backscattering angle. The function W is given by

Wo(y) = nyL, . exp(i Re K”'Rjk - ilORjk'Rp)

2f. =
X [g(RjA) =1} ds,; = r]; { g+2 21 7 cos n(y + 5)}
0 n=
(45)

where §, is the surface enclosing a pair of nonpenetrating
fibers, and

v = | IR GRS — IRAR (46)

8 = tan '(k, cos ¢, sin 6,/Re K) (47)

¢ = V(Re K?)* + (k, cos ¢, sin ) (48)

By utilizing Eqs. (20-22), we can write

ILy) = X+ 23 X! cos(ny) (49)

=l

171(y) = 2 S ¥ sin(ny) (50)

"=

for a TM mode incident wave, and

E3

I (y) = 2i 2 X! sin(ny) (D)

n=1

1y) = Y +2 3 Y cos(ny) (52)

n=1

for a TE mode incident wave.

Rayleigh Limit Approximation

For completeness, expressions for the coherent and inco-
herent scattered intensities in the Rayleigh limit, i.e., a <<
1, are also presented. In the Rayleigh limit only amplitudes
of order n = —1, 0, 1 remain dominant. In addition, only
the zeroth-order term in Eq. (45) remains, and ¥~ then be-
comes a constant independent of the mode of the incident
wave:

V= 8, [ la(kr) - 1R 4R (s)

where the subscript R denotes the Rayleigh limit. Based on
statistical theorems, Twersky'® showed that a closed-form ap-
proximation of Eq. (53) can be obtained as

_a =5
Ve gy ! (54)

The coherent scattered intensity function follows from Egs.
(27). (32), and (33) as

~

I

Bep|H|Xh — 2X1 cos 6,]* + [2Y7] sin 6%}n,  (55)

11 = |Bope X[ Y — 2YY cos 6,2 + |2X 1 sin 6[}n,  (56)

The incoherent scattered intensity distributions follow from
Eqs. (42) and (53) as

: 7 1 - f)

L) = e, ﬂfa (cos’y, cos 0,K/k,) " §1—+%
X {|X} + 2X{ cos y|* + |2V sin y|3} ©D

r i 1 - f)

1) = e s (cosg, cos 0K k) Eﬁ%
X {|YY + 2Y{ cos y|* + |2X{' sin ¥[3} 9

Results

Numerical results are presented to illustrate the coherent
and incoherent scattering characteristics of high-density fi-
brous media containing alumina-coated silica fibers and Ray-
leigh limit silica fibers. For the coated fibers the silica core is
1 pm in diameter, and the alumina coating is 0.5 pwm thick,
thus giving an o.d. of 2 um. For the purpose of illustration,
incident radiation at A = 2 and 10 um are considered. The
optical properties of silica are m = 1.438 — 4.7E-06i at A =
2 pm and m = 2.62-0.28; at A = 10 um. For alumina m =
1.737 at A = 2 um and m = 0.87 — 0.027i at A = 10 pum.
The fiber volume fraction is assumed to be 0.5. The incident
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Radial Distribution Function G(R)
()

0 1 2 3 4 5
Dimensionless Radial Separation R
Fig. 2 Radial distribution functions of an NpT ensemble of a hard
disk fluid by Woed."

10’ T T T T
=05 Alumina-coated silica fibers
® fo=1pm, r=05um
ol
A=2pum
3 Keko(TE) .
& 10° -
o
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T
&
2 Kiko(TE)
o
o 107F 4
=
‘6 k
L
& Ki/ko(TM)
10 2 1 n 1 1
0 10 20 30 40

Angle of Incidence ¢;, degree

Fig. 3 Effective propagation constant of a medium of alumina-coated
silica fibers at A = 2 pm.

10° T T T T

Alumina-coated silica fibers
f,=0.5
fo=1pm, r;=05um
[2]
5 Ki/ko(TM) A=10 um
Yé 4O—— -
S 10° 4
o Kr/ko(TE)
8
T
o
[
&
2 Kyko(TM)
o 4 W i
2
ks
2
w Ki/ko(TE)
10 -2 1 i I 1
0 10 20 30 40

Angle of Incidence ¢;, degree

Fig. 4 Effective propagation constant of a medium of alumina-ceated
silica fibers at A = 10 pm.

direction is assumed to be in the XZ plane, i.e., 6§, = 0. The
radial distribution function g(R) has been obtained by Wood'?
based on Monte Carlo analyses of isothermal-isobaric hard
disk ensembles. Figure 2 shows several g(R) for different solid
volume fractions. For the purpose of illustration, the g(R)
approximating a volume fraction of 0.44 is used in the present
numerical analyses for both the fibrous media containing al-
umina-coated silica fibers and Rayleigh limit silica fibers.

AIumi&a—coate(li silica fit;ers
ro=1pm, ri=0.5um

10'F £,=056=0

M mode, A =10 um

TE mode, A =10 um

Coherent Scattered Intensity Function

TE mode, A=2 um

105 : z n L "
0 10 20 30 40 50 60

Angle of Incidence ¢;, degree

Fig. 5 Variation of the coherent scattered intensity function with
incident angle.

10° r r T r r r
™
™ i =30°
¢ = 5°
107 & = 30°

102} i L
Alumina-coated silica fibers

fo=1pum, ri= 0.5 um
A=2um,6=0
f,=05

Incoherent Scattered Intensity Function

3 4=5
90 105 120 135 150 165 180 195
Scattering Angle v, degree
Fig. 6 Incoherent scattering intensity distribution function at A = 2
pm.

10° T T T r r T T

TE

Alumina-coated silica fibers

Incoherent Scattered Intensity Function

10 fo=1pum, ri=05um 3
A=10pm, =0
f,=05

10 L L L . : L L
90 108 120 135 150 165 180 185

Scattering Angle v, degree

Fig. 7 Incoherent scattering intensity distribution function at A =
10 gm.

The variations of the complex effective propagation con-
stants with incident angle at A = 2 and 10 um are shown in
Figs. 3 and 4, respectively. The real part K,/k, generally de-
viates slightly from unity, whereas, the imaginary part is much
smaller. It should be pointed out that the effective propa-
gation constant K“ is independent of the azimuthal angle of
incidence 6,. The effective propagation constant is complex
due to absorption and scattering. The real part is a measure
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Fig. 8 Incoherent scattering intensity distribution function for Ray-
leigh limit fibers at A = 10 um.

of the phase velocity of radiative propagation in the fibrous
medium, and the imaginary part is related to the extinction
efficiency of the medium by O, = waK,/(f.k,). A complex
propagation constant also indicates that the surfaces of con-
stant phase and constant amplitude do not coincide, which
has been discussed in Ref. 15. Figure 5 shows the variation
of the coherent scattered intensity [Eq. (27)] with incident
angle, which is the radiation scattered in the specular direc-
tion. Figures 6 and 7 show the incoherent scattered intensity
distribution at A = 2 and 10 um, respectively, for two incident
angles. The incoherent scattered intensity distributions are
shown for the TM and TE modes separately in order to il-
lustrate their respective characteristics. They display more
pronounced angular variation at A = 2 um than at A = 10
wm, due to the different size parameters (e = 3.14 at A = 2
pm; o« = 0.628 at A = 10 wm) and optical properties. At A
= 2 um, the fibers are purely scattering, whereas the fibers
are strongly absorbing at A = 10 um.

For completeness, the incoherent scattered intensity dis-
tributions for Rayleigh limit silica fibers are shown in Fig. 8.
The incident wavelength is assumed to be 10 um, and the
fiber radius is,0.0015 um, giving a size parameter of 0.00094.
As shown in the figure, the TM mode intensity is almost
independent of the scattering angle, because the zeroth-order
TM-TM mode scattering amplitude (X)) dominates. For a
TE mode incident wave, all of the scattering amplitudes are
comparable, thus giving a more pronounced angular varia-
tion.

Summary

High-density fibrous materials are widely used for thermal
insulation in high-temperature applications. In particular, many
fiber-reinforced composites used in thermal-structural ap-
plications contain unidirectional, closely spaced fibers. Be-
cause heat transfer by conduction and radiation is comparable
at elevated temperatures, an accurate radiative analysis is
needed to characterize the thermal performance and thermal—
structural characteristics of a fibrous composite. Due to the
small spacing between the fibers, dependent scattering is im-
portant, which must be accounted for in the evaluation of the
thermal radiative properties of high-density fibrous media.

This article presented the theoretical formalism for the ra-
diative properties of semi-infinite media containing closely
spaced, parallel-coated or uncoated fibers at oblique inci-

dence. The radiative propagation characteristics, which are
the propagation constant and amplitude of the effective wave,
are formulated by a rigorous consideration of Maxwell’s the-
ory. The coherent and incoherent scattering properties are
formulated by accounting for the dependent scattering inter-
actions in the medium. The present theoretical formalisms
are applicable to arbitrary fiber size, optical properties, and
wavelength. Numerical results are also presented to illustrate
the scattering characteristics of semi-infinite media containing
a 50% concentration of alumina-coated silica fibers and Ray-
leigh limit silica fibers at two wavelengths and several oblique
angles of incidence.
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